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1. Classical kinematic formulas

The classical kinematic integral formulas in Integral Geometry
are the Principal Kinematic Formula (PKF) and the Crofton
Formula (CF) for intrinsic volumes V; of convex bodies (or
polyconvex sets) K, M C R%:
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/Gde(K NgM) u(dg) = > &(d, j, k)Vi(K) Vg i (M),
k=j

j=20,...,d, and

A(d,q) VvJ(K M E) ,uq(dE) — C(d7 75 Q)Vd+j_q(K).

3=0,...,q.



In their local variant for curvature measures, we have

d

/Gd C;(KngM, ANgB) pu(dg) = kz &(d, j, k)Cr(K, A)Cyy (M, B),
=j

j=0,...,d, and
/A(d D Ci(KNE,ANE) uq(dE) = ¢(d, 3, q)Cd_l_j_q(K’ A),

j=0,...,q, for convex bodies K, M and Borel sets A, B C R<.

How about kinematic formulas for the other local analogs of the
intrinsic volumes, the area measures?



2. Area measures
A short reminder to the definition of area measures:

Let K C RY be a convex body (a non-empty compact convex
set).

The surface area measure S;_1(K,-) of K is a measure on the
unit sphere S¢~1. For a Borel set A ¢ S%1, 5, 1(K,A) measures
the area (Hausdorff measure) of the set of boundary points of
K, which have an outer unit normal in A.



By the local Steiner formula,

d 1A= 1=
Sy_1(K+rB4Ly=Yr ( } )S;(K, )
j=0

the lower order area measures Sp(K,-)(= spherical Lebesgue
measure o) and S1(K,-),...,S;_»(K,-) are introduced.



It is easy to see that kinematic formulas for area measures cannot
hold in exactly the same form, hence they have to be modified
appropriately.

E.g., a CF of the form
/ o SIUK DB, AD L)) p(4B) = &(d )ty (I A),
A(d,q

is wrong if K is a polytope and A is the support of Syt ,(K,-), since the
integrand then vanishes for almost all E.

The same is true, if S;(KNE,-) is replaced by the intrinsic version S;(KNE,-).

Hence, we consider

sy S DB g (),

for 1 <j3<g<d-—1, and ask whether it can be expressed by an
area measure of K7



Two related results are due to Glasauer (1997), who showed
that

d

/Gd ©,;(KNgM, AngB)) pu(dg) = kz.é(d,j, k)Or(K, A)O 4y (M, B),
—J

for y=0,...,d, and

/A(d ) @j(K NE,AA E) ,uq(dE) — E(d,'], q)@d-l-j—q(K: A),

for j =1,...,9— 1. Here ©,;(K,-) is the i-th support measure
of K, A, B are Borel sets in the normal bundle of K, M and A is
a suitable law of composition.

Although the area measures are projections of the support mea-
sures, these results do not imply explicit formulas of kinematic
type for the area measures (due to the definition of A).



3. Fourier operators

In Goodey-Yaskin-Yaskina (2009), the authors studied oper-
ators Ip, for 0 < p < d, defined on functions f & C>*(59-1) as
follows:

Let fp, be the homogeneous (of degree —d+ p) extension of f to
R%\ {o} and let f, be its distributional Fourier transform. The
restriction of f, to S9! is again a smooth (complex) function
and we consider the operator

Ip . f — fplga-1-



Since I, intertwines the group action of SO(d), it acts as a mul-
tiple of the identity on the spaces H;‘f of spherical harmonics (of

degree n =0,1,...). The multipliers are given by

r("3%)

r("tr)

An(d, p) = n¥/22P(—1)"/2 (1)

For even n they are real, for odd n they are purely imaginary.

Due to (1), the operator I, can be defined (by analytic continuation) for

various other (complex) values of p, in particular for p = —1, but then only
on functions without linear spherical harmonic (centred functions).



For the composition I;Ip, all multipliers are real and non-zero (if
g= —1 only for n #1). Thus we have a bijection

ID, : (897 1) - ¢>°(sd-1)

(for p,qg = —1), respectively

I_1Ip: C§°(S9 1) — Ccgo(s™h)

(where C&°(S91) is the space of centred functions in C>®°(S9~1)).
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Also, for 1 <p < d, we have
Ig_pIp = (2m)21*,
where (I*f)(u) = f(—u).

Since I, is self-adjoint, it extends to mapping on distributions.
Here,
1
d—1
where [ is the differential operator which satisfies the distribu-
tional equation OA(K, ) = S1(K, ) for all convex bodies K.

Ul_1 = — I,
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4. Mean section bodies

For 1 < k < d-1, the k-th mean section body M;(K) of a
convex body K in R% was introduced in Goodey-W. (1992) as
the Minkowski sum of all sections of K by k-dimensional (affine)
flats. In terms of support functions,

h(My(K),") = /A iy PO VB i (dE),

where A(d, k) is the affine Grassmannian and u; is the motion
invariant measure on A(d, k).

For simplicity, we assume dimK = d and k > 2 (M1(K) is always a ball).
Also, we may center the support functions, h*, by requiring that the bodies
have their Steiner point at the origin.

11



For £k = 2, we showed
* _
WMo (K),u) = cq [,
where a(xz,u) is the (smaller) angle between = and w. This is
generalized by the following result from Goodey-W. (2014):
Theorem. For k=2,...,d, we have

. a(z,u)sina(x,u) Sy_1(—K,dz),

hW*(M(K), ) = cqpl_11p_1S4+1-k(—K,-).

Corollary 1. M (K) determines K uniquely.

Corollary 2. We have
Sa+1-k(K, ) = cgrlag—11g41-1S1(—Mp(K),").
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The proof of the theorem is quite involved and works by induc-
tion using the Ip-operators in lower dimensional spaces together
with results on spherical projections and liftings from Goodey-
Kiderlen-W. (2011). Also, it is based on an exchange formula
for mean section bodies which follows from a result of Alesker-
Bernig-Schuster (2011).
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5. Kinematic formulas for area measures

Concerning a Crofton-type result, we show:

Theorem. For convex bodies K and Borel sets A C Sd_l, we
have

/ Si(KNE,-) ug(dE) = aq jqljlq—jSitj—q(=K;-),
A(d,q)

forl <j3<qg<d-—1 with explicitly given constants.
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Outline of the proof:

From the second corollary (applied to KNE) and using the linear-
ity of the first area measure, we get (with a changing constant

°)
Sy SiC K N B, ) g

= ¢ [ 1y T2 151 (M1 (K 0 E), ) tg(dE)

=clj_11; KNENF),-
st ”/A(cz,cn /A<cz,cz+1—j> SUENENE.Y
X Md—|—1—j(dF) pq(dE)

—cl, 41 S1(K N H,-) ) (dH),
la1lj | aar1o 1( ) Y(dH)

where 1) is the image measure (on A(d,q+1—3)) of pgy1-_;® pgq
under the (almost everywhere defined) mapping (E,F) — ENF.
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We have g(ENF) = gENgF and so ¢ is motion invariant and
hence a multiple of Pgt+1—j- T herefore,

sy S5 DD, ) g ()

=clg_11; S1(KNH,-)pgy1—;(dH)

=clg_11;S1(My41—;(K),")

— CIqu—de—I—j—q(Ka du),
where we have used the linearity of the first area measure and
the second corollary again (as well as the inversion formula for

Ip).
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In order to obtain a corresponding kinematic formula, we use a
local version of Hadwiger’s general integral geometric theorem:

Theorem. Let ¢ : K - MT(S%1) be a continuous and additive
mapping. Then, for K, M € K' and Borel sets A c S4-1,

d
/Gﬁ(K NgM, A) u(dg) = Y [Ty (K, )1 (A)Vi(M),

k=0
with mappings Ty : MT(S1) — MT(S4=1) which are given
by the Crofton integrals

Ty re(K,-) = /

KNE,)u.(dE), k=0,....d.
iy $US N E: ) i (dE)
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From the CF, we thus get a PKF for area measures:

d

/Gdsj(K NgM, A) u(dg) = > aqjrllilk_jSatj—rx(—K, )(A)Vi (M),
k=j

for1 <j;<d-1.
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